Abstract A simple kinetic model, with only three fitting parameters, for several enzyme productions in Petri dishes by solid-state fermentation is proposed in this paper, which may be a valuable tool for simulation of this type of processes. Basically, the model is able to predict temporal fungal enzyme production by solid-state fermentation on complex substrates, maximum enzyme activity expected and time at which these maxima are reached. In this work, several fermentations in solid state were performed in Petri dishes, using four filamentous fungi grown on different agro-industrial residues, measuring xylanase, exo-polygalacturonase, cellulose and laccase activities over time. Regression coefficients after fitting experimental data to the proposed model turned out to be quite high in all cases. In fact, these results are very interesting considering, on the one hand, the simplicity of the model and, on the other hand, that enzyme activities correspond to different enzymes, produced by different fungi on different substrates.
Introduction
Recently, there has been an increasing trend towards more efficient utilization of agro-industrial by-products for conversion to a range of value-added bio-products (Pandey et al. 2000) . In general, large volumes of solid wastes, residues and by-products are generated throughout the year as a consequence of agricultural and agrofood industries, produced either in the primary agroforestry sector or by secondary processing industries. For this reason, the bioprocessing of these residues, which have attracted considerable attention for being abundantly available and cheap, can help solve environmental problems associated with their disposal (Koopmans and Koppejan 1997) . As a result, an extensive range of valuable and usable products can be recovered from what was previously considered waste.
The development of efficient processes, with potential to add value to these agro-industrial residues, becomes one of the biggest challenges in biotechnology today. Several processes have been recently developed to utilize these raw materials for the production of bulk chemicals and value-added fine products such as ethanol, single-cell protein, enzymes, organic acids, amino acids, biologically active secondary metabolites, etc. (Pandey 1994; Pandey et al. 1988; Pandey and Soccol 1998; Nampoothiri and Pandey 1996) .
Solid-state fermentation (SSF) is a complex heterogeneous three-phase (gas-liquid-solid) fermentation, which shows a special relevancy in the field of biotechnological processes. In general, it is defined as the growth of microorganisms, often fungi, on the surface of a porous and moist solid substrate particle in which enough moisture is present to maintain microbial growth and metabolism. This process is carried out in absence or near-absence of visible liquid water between the particles. This condition favours the development of filamentous fungi, given their unique capacity to colonize the interparticular spaces of solid matrices (Ruíz-Leza 2004) .
SSF shows several advantages compared to submerged fermentation (SmF) such as higher titres of enzyme production employing fungal cultures (Singhania et al. 2009 ). As far as enzyme cost is concern, Kumar et al. (2011) demonstrated that both techniques are equally cost-effective when pectinase and cellulase were produced using agro-industrial wastes as substrate. However, lipase production through SSF by Penicillium restrictum turned out to be more economically feasible (Biz et al. 2016 ). According to an economic analysis carried out by Castilho et al. (2000) , it was possible to reduce total capital investment in 78 %, for a production scale of 100 m 3 lipase concentrated per annum, by using SSF technique. Another advantage associated to SSF is the low catabolite repression, which seems to limit enzyme production in SmF processes (Cadirci et al. 2016) . Furthermore, fermented solid after SSF can be dried and directly added for the hydrolysis process, eliminating the steps of recovery and enzyme concentration (Fernandes et al. 2007 ).
On the contrary, SSF processes are slower due to the barrier from the bulk solid. Furthermore, heat transfer is reduced in SSF as a consequence of interparticle and intraparticle resistance, resulting in a difficult control, especially in continuous operations (Raghavarao et al. 2006) . Moreover, agglomeration of substrate particles might be formed in SSF at a large scale, leading to overheating of some parts of the bed and, consequently, lack of uniformity in enzyme production within the bed (Biz et al. 2016) .
Several types of equipments are used for SSF processes at laboratory scale. One interesting reactor, used by Raimbault and Germon (1976) , was composed of aerated small glass columns filled with a previously inoculated solid, which were placed in a thermoregulated water bath (Durand 2003) . Giving the geometry of the columns, it was easy to maintain the temperature in the reactors. Regulation of water content during the process might be improved in this configuration with the introduction of a relative humidity probe, a cooling coil on the air circuit and a heating cover for the vessel. As regard agitated bioreactor, several configurations are used: rotating drum, perforated drum or, with more efficient mixing, horizontal paddle. However, as a consequence of mycelium growth, agglomerates of substrate particles are formed in all these reactors, being mixing less efficient, and consequently, temperature control is more difficult.
Agro-industrial residues are generally considered the best substrate for SSF processes. Given their composition, rich in sugars such us cellulose, hemicellulose and pectin, they can be easily assimilated by microorganisms (Rodríguez-Couto 2008) . In fact, SSF has emerged as an appropriate technology to manage agro-industrial residues and to provide added value to these materials (Orzua et al. 2009 ). This is the case, for example, of the production of microbial enzymes by the fermentation of those wastes (Romo et al. 2015) .
Our research group has previously found that Aspergillus awamori can produce efficiently hydrolytic enzymes, which include cellulases, xylanases and pectinases, by SSF using, as medium of fermentation, several agro-industrial residues widely available in Spain such as grape pomace, orange peels or tomato pomace Umsza-Guez et al. 2011) . In this work, we also explore the utilization of two other lignocellulosic residues-rice husk and wheat straw-for the production of those enzymes by the following filamentous fungi: Botryotinia fuckeliana (anamorph Botrytis cinerea P e r s . ) , Tr i c h o d e r m a re e s e i a n d P h a n e ro c h a e t e chrysosporium. The potential of Trichoderma species as lignocellulose-degrading agents was recognized in the early 1960s, and specifically, T. reesei is a microorganism with a high capacity for lignocellulosic material degradation (Motta and Santana 2014) .
Botrytis cinerea is a pathogenic filamentous fungus, which infects more than 200 plant species in a variety of organs including fruit, flowers and leaves. For this, it secretes a battery of enzymes utilized for the degradation and consumption of the host plant. Pectin degradation is enabled by pectinases (Shah et al. 2009) , and cutinolytic and cellulolytic activities have also been reported for cutin and cellulose breakdown, respectively (Kapat et al. 1998) . Finally, Phanerochaete chrysosporium has been selected for this study due to its efficiency in lignin degradation (Shi et al. 2014) .
When those filamentous fungi grow on solid substrates form a mycelium, i.e. a dense interconnected network of tubes called hyphae. Therefore, assessing biomass content is very complicated because it is almost impossible to separate the fungus from its solid substrate. Therefore, the fungal growth cannot be directly estimated as dry biomass. Instead, the rate of substrate colonization can be determined by indirect methods such as ergosterol content, levels of enzyme or Nacetyl-D-glucosamine production (Barreto et al. 2011) . In this work, a modified method of the one reported by Ruíz et al. has been used. It consists on the determination of the microorganism growth rate in Petri dishes by measuring radial growth on a homogenous blend of particle size distribution of the solid substrate (Ruiz et al. 2012) .
Due to the complexity of fungus growth on natural solid substrates and the subsequent spatial and temporal heterogeneity of environment, it is very difficult to investigate SSF processes by experimental methods alone. Mathematical modelling is now proving to be a very powerful and successful complementary tool (Barreto et al. 2011 ). This work describes an attempt to mathematically formulate the production of several enzymes by filamentous fungi processes in Petri dishes by SSF. The complex behaviour of different enzyme productions employing agro-industrial residues as substrate has been previously modelled and reported in literature (Hashemi et al. 2011; Mazutti et al. 2010; RodriguezFernandez et al. 2011; Shi et al. 2014) . Thus, in this paper, a kinetic model for several enzyme productions in Petri dishes is proposed, which shows as main advantage its simplicity and, therefore, the possibility of being a useful tool for simulation and development of this kind of processes.
Material and methods
For the kinetic study, the activities of the hydrolytic enzymes cellulase, xylanase, exo-polygalacturonase and laccase were measured after SSF of A. awamori, isolated from bran (CECT 2907); T. reesei, isolated from cotton duck shelter (CECT 2414); Botryotinia fuckeliana, isolated from rotten grape (CECT 20518); and Phanerochaete chrysosporium, isolated from fruit and petiole of Vitis vinifera (CECT 2798) on grape pomace, orange peels, rice husk and wheat straw. These strains were provided by the Spanish Type Culture Collection (CECT).
Spore production
Fungi were propagated at 25°C for 5 days on Petri dishes containing a synthetic medium for fungal growth composed of (g/L) the following: 1 peptone, 0.5 yeast extract, 15 agar, 6 xylan and 1 pectin. This medium contains xylan and pectin as sole carbon sources to induce the production of xylanase and exo-polygalacturonase. Spores were counted in an improved Neubauer counting chamber and stored on 30 % glycerol at −30°C and used for all experiments. As Phanerochaete chrysosporium showed difficulties to sporulate, the inoculation protocol followed was different. In this case, in the centre of the Petri dish with the synthetic medium, a piece of agar with mycelium was placed. All the strains used are classified as generally regarded as safe (GRAS).
Conditioning of solid substrates
As it has been previously mentioned, four agro-industrial residues were used as solid substrate of fermentation.
White grape pomace from Jerez, Sheres-Sherry area, in Spain of the Palomino Fino variety was collected from a local wine cellar after pressing the aforementioned grape variety and stored at −20°C before use. For fermentations, subsamples (250 g) were taken and defrosted at room temperature. Solid was dried in an oven (60°C for 48 h), milled and sieved selecting particles over 1 mm of diameter. Next, it was washed several times with distilled water to minimize the high reducing sugar content and dried again.
Orange peels (Washington Navel variety) were obtained after juice extraction from oranges collected at a local market and stored at −20°C. For SSF experiments, they were defrosted, milled and extensively washed in order to remove all water-soluble compounds. The solid was dried at 60°C for 48 h. Solid particles were sieved selecting those over 1 mm.
Rice hulls were provided by the Spanish company Herba Ricemills. The residue was first milled, sieved to collect the fraction of 0.2-1 mm and stored at room temperature until use. As regard wheat straw, it was provided by IFAPA Center Rancho de la Merced (Jerez, Spain) and treated as rice hulls.
Solid-state fermentation
Fermentations were carried out with 5 g of sterilized solid substrate (autoclaved at 120°C, 1.2 atm and 20 min) in static conditions at 25°C. Inoculum concentration was adjusted to 1.0 · 10 7 spores. The required amount of spore suspension and the exact amount of nutrient solution at pH 5.0, containing (g/L) 2.4 urea, 9.8 g (NH 4 ) 2 SO 4 , 5.0 KH 2 PO 4 , 0.001 FeSO 4 · 7H 2 O, 0.0008 ZnSO 4 ·7H 2 O, 0.004 MgSO 4 ·7H 2 O and 0.001 CuSO 4 · 5H 2 O, to obtain an initial moisture content of 70 % were poured into disposable Petri dishes (9-cm diameter). Moreover, this solution supplemented with 11.5 g/L of pectin to induce the production of pectinases was used for grape pomace (Díaz et al. 2012) . Every experiment was developed in duplicate.
Extraction conditions
After fermentation, the content of each Petri dish was transferred into Erlenmeyer flasks containing 35 mL of Tween 80 (0.1 %, v/v) and then stirred in a rotary shaker (150 rpm, 30 min, 4°C). These conditions of extraction were optimized in a previous work (Diaz et al. 2007 ). Suspensions resulting after the extraction were centrifuged at 10,000 rpm for 10 min at 4°C. Supernatants obtained, the enzymatic extracts, were stored at −20°C until required for analysis.
Enzyme assays
Enzymatic activities of xylanase (EC 3.2.1.8), exo-PG (exopolygalacturonase, EC 3.2.1.67), C MC-ase (carboxymethyl cellulase, EC 3.2.1.4) and laccase (EC 1.10.3.2) in the extracts obtained after fermentations were analyzed. For xylanase, the reaction mixture containing 0.1 mL of enzymatic extract and 0.9 mL of xylan suspension (0.5 %, w/w, Birchwood xylan in 0.05 M citrate buffer, pH 5.4) was incubated at 50°C for 10 min. The reducing sugars produced were measured by a modification of the dinitrosalicylic acid method (DNS) using D-xylose as the standard (Miller 1959) . CMC-ase activity was determined by the same procedure described for xylanase, but carboxymethyl-cellulose (Panreac) was used as substrate. Exo-PG activity was evaluated by adding 0.2 mL of enzymatic extract to 0.8-mL pectin solution (0.5 % pectin in 0.1 M acetate buffer, pH 5.0). Samples were incubated at 45°C for 10 min, and the reducing groups in the enzymatic extract were determined by the 3,5-dinitrosalicylic acid (DNS) method.
All the measurements were made in duplicate and the results expressed as reducing sugars using a calibration curve.
A unit of enzyme activity (U) was defined as the amount of enzyme producing 1 μmol of reducing sugars per minute at the specified conditions. Laccase activity was determined by oxidation of 2,2′ azino-bis(3-ethylbenzthiazoline-6-sulfonate (ABTS)). The assay mixture contained 300 μL ABTS (10 mM), 1200 μL of sodium acetate (50 mM, pH 4.5) and 1200 μL of water and was kept at 30°C for 10 min. Then, 300 μL of the enzyme extract was added and incubated for 10 min. The mixture was placed on ice immediately to stop the reaction. Oxidation of ABTS was monitored by determining the increase of absorbance at 420 nm.
A unit of laccase activity (U) was defined as the amount of enzyme which oxidizes 1 μmol of ABTS per minute at 30°C.
Biomass monitoring
Biomass during fermentations was monitored by an indirect procedure, which turned out to be simple and quick (Ruiz et al. 2012) . Basically, the method consists on measuring the degree of colonization of the solid substrate with mycelium in every moment. For this purpose, diameter of the circle formed on the surface of the solid bed was measured. Thus, the colonized surface versus time was calculated, which is directly related to the amount of biomass in the dish. This method was slightly modified because the colonized surface did not have always a perfect spherical geometry. So, pictures of the plates were taken at different times throughout the process and analyzed by image analysis software (Motic Images Plus 2.0). Results can be obtained directly as values of colonized area versus time, and with the proper correlation, data of biomass concentration (expressed as mg dry biomass/g dry solid) could be available.
Kinetic model
The proposed kinetic model is based on the analysis performed from the experiments carried out for this work and on previous observations reported in the literature.
On the one hand, it is detected that the production of enzymes by SSF on Petri dishes usually shows a first phase in which enzyme activity rises and reaches a maximum, and on the other hand, a decrease in the enzyme activity is observed afterwards (Mazutti et al. 2010 ). This behaviour is typically due to the existence of two successive processes in these conditions: the production of the enzyme and its inactivation. As for all series reactions, the relative rates of both reactions determine the instant at which the maximal concentration of intermediate product (active form of the enzyme) is reached (Levenspiel 1972) .
In general, the enzyme precursor (R) is converted into the active form of the enzyme (E) by action of the microorganisms, and this last form becomes denatured spontaneously to the inactive form of the enzyme (I) afterwards.
Thus, as the initial phase of the enzyme production curve has an analogous profile than the microorganism growth one, the first stage in which enzyme is synthesized by the microorganisms (step 1) is essentially growth-associated. It must be considered that several enzymes are precisely synthesized and secreted to the solid medium by the microorganism in order to digest the substrate and to colonize medium (Mazutti et al. 2010) . On the other hand, other authors have proposed non-growth-associated models (Favela-Torres et al. 1998) or combined models for enzyme productions, including both growth and non-growth-associated terms. However, in most cases, the non-growth-associated terms are negligible along most the fermentation process (Shi et al. 2014) . Moreover, the majority of these complex models include many fitting parameters and the resulting kinetic equations may be difficult to solve.
As a consequence, in this paper, it is proposed a simple and growth-associated model for the rate of enzyme production, which includes a proportionality constant k E .
For the second stage, in which the inactivation of the active enzyme occurs (step 2), it is proposed a first-order kinetic, with a kinetic constant k D . As it is well known, this is the most simple and generally accepted model for spontaneous inactivation of enzymes (Bailey and Ollis 1986) 
Keeping in mind both stages, the following kinetic equation can be used to describe the active enzyme production during SSF and the evolution of the enzymatic activity of the extracts obtained:
On the other hand, the most generally accepted model to describe fungal growth during SSF is the logistic one (Bailey and Ollis 1986) . As it is well known, the logistic model describes microbial growth based on the following mathematical expression:
where X represents instantaneous fungal biomass concentration and X m the maximum biomass concentration, which is reached when the whole solid substrate has been colonized by the fungus, moment at which the fungal growth ceases. The parameter μ represents the specific microbial growth rate at the specific conditions at which fermentation was carried out. The integration of this equation leads to the following widely used kinetic expression:
where X o represents the biomass inoculated at time t = 0. Definitively, once initial and final fungal biomass concentrations in the culture medium (X o and X m ) are known, the proposed simple kinetic model includes only three parameters to be determined: the specific microbial growth rate at the specific conditions of fermentation (μ), the specific enzyme productivity by the fungus at the fermentation conditions (k E ) and the denaturation kinetic constant at the fermentation conditions (k D ).
This equation has the advantage of dealing with only a few parameters. However, as a drawback, it does not consider the influence of some variables, which are also very important in SSF processes. Some of these variables are, for example, solid particle size, package density of the solid bed or the activity level of the inoculum. Indeed, it should be considered that once we have established the value of μ, it is defined the inoculum activity level and all the other variables that influence on this parameter, such as the oxygen availability to biomass. The last variable is, at the same time, influenced by solid particle size and bed package density.
Thus, in this model, the influence of all the process variables is condensed definitely into three parameters. Given that we set the same process conditions at the optimal values, many process conditions are fixed, and as a result, the values of the three parameters depend only on a few of them. So, for example, in this work, we have always used the same particle size and package density; thus, in this case, the values of μ will only depend on the microorganism.
As regard the mathematical features of the model, the proposed kinetic equation (7) has no simple analytical solution in a way that an exact value of the active enzyme concentration for a specific time could be known. Nevertheless, if the initial and final fungal biomass concentrations in the culture medium (X o and X m ) are known, and for the three given values of the kinetic parameters (μ, k E and k D ), it is possible to integrate numerically the differential equation and to obtain E values for any time. For the integration of the differential equation, any of the recommended numerical procedures for this type of equations, as Runge-Kutta or analogous to this one, can be used (Gupta 1995) .
In this work, several experiments have been carried out under very different conditions, and from them, various data of enzymatic activity (E) versus time (t) have been obtained. Subsequently, by using the recommended mathematical methods of nonlinear regression for these cases (Motulsky and Christopoulos 2004) , the values of the kinetic parameters of the equation have been calculated in a way that the difference between both, experimental and theoretical values of E, is minimum.
In order to solve numerically the differential equation of the model, the algorithm of Runge-Kutta fourth order has been used. It has been implemented a calculus routine in the MATLAB® software, which usually takes less than 30 s to reach the best values of the equation parameters introducing a set of experimental data. The regression coefficient (R 2 ) in a set of experimental values has been computed as follows:
where E exp-i is any experimental value of the active enzyme concentration in a set; E teo-i is the theoretical value corresponding to the experimental value of the active enzyme concentration in a set, both at the same time; and n is the total number of experimental (or theoretical) data in a set.
Results
First of all, after following the experimental protocol previously described, the evolution of enzyme activities over time was represented. It is important to point out that all possible combinations of fungus/substrate selected for this study were tested, although no growth and, therefore, no enzyme production were detected in some cases. In the cases which enzyme production was measured, data were expressed as E; this is units of enzyme activity (U) per kilogram of dry solid.
In Fig. 1a -c, some of the enzyme production kinetics obtained in this study are represented as example. A general view of the graphs allows deducing that evolution of enzyme activity during fermentation follows the typical profile trend previously described; this is a first phase of activity increase, and after a maximum, a decrease is observed as a consequence of its inactivation. Consequently, from this evidence, experimental data have been all fit to the mathematical model proposed in this paper. In this respect, they have been taken as values of initial biomass concentration (X o ) and maximum biomass (X m ) the corresponding average values of all fermentations performed. Initial biomass concentration on the plates was calculated from the number of spores inoculated, their average size and density and the initial mass of solid substrate, giving a mean value of X o = 2.4 mg biomass/g solid (both in dry weight). On the other hand, maximum final biomass concentration in the plates was calculated from the total solid colonized by mycelium, its average density and the initial mass of solid substrate, giving a mean value of X m = 63.6 mg biomass/g solid (both in dry weight). Table 1 shows regression coefficient (R 2 ) after fitting experimental data to the proposed model. As can be seen, regression coefficient turned out to be quite high in all cases (>0.9) and the average general regression coefficient was 0.949.
Specific microbial growth rate
As regard specific growth rate (μ), results obtained after fitting are shown in Table 2 . The fungus/substrate combinations not included in this table correspond to situations in which no growth was detected; thus, the established value of μ in this model would be 0.
The lowest growth rate observed corresponds to Botryotinia fuckeliana on orange peels, with an average specific growth rate around 20 · 10
. On the other hand, the fastest growth was detected for T. reesei and A. awamori on orange peels, with an average growth rate of 55 · 10 −3 and 49 · 10
, respectively. It can be observed that the average specific growth rates calculated with different substrates are very similar. So, the average specific growth rate on grape pomace was 37 · 10 −3 h −1 , whereas the values 39 · 10 −3 , 38 · 10 −3 , 37 · 10
and 40 · 10 −3 h −1 were obtained for supplemented grape pomace, orange peels, rice husk and wheat straw, respectively. Finally, the average specific growth rate for T. reesei is around 45 · 10
, value calculated from data of , respectively.
Enzyme inactivation constant Table 3 shows the inactivation constants of the different studied enzymes (k D ). As can be seen, these values remain low in all cases (between 0 and 5 · 10
), except in two cases. As for comparative analysis of the different enzymes, xylanase from A. awamori is the most sensitive to inactivation, as it shows average inactivation rate of 2 · 10
. Nevertheless, a value of 22 · 10
was calculated for exo-PG from T. reesei on rice husk and for laccase from Botryotinia fuckelinana on the same substrate. These data suggest that certain products obtained in the hydrolysis of this type of substrates could inactivate some of the enzymes.
Negligible deactivation constants resulted for xylanase and cellulase from Botryotinia fuckeliana, xylanase and cellulase from T. reesei and the enzymes from Phanerochaete chrysosporium in the studied conditions.
Enzyme production constant
As can be seen in Fig. 2 , values resulted for the third parameter of the model, enzyme production constant (k E ), are very variable. Thus, in some cases, low enzyme productivities were obtained, such as laccase from Botryotinia fuckeliana on wheat straw and grape pomace, with only 2 U/g of dry solid and 10 U/g of dry solid, respectively. On the contrary, xylanase from the same microorganism on wheat straw produced 1189 U/g of dry solid.
Clearly, it can be seen in Fig. 2 that Botryotinia fuckeliana grown in wheat straw turned out to be the best producer of most studied enzymes but laccase, with a total productivity of 2058 U/g of dry solid. However, total productivity of the same enzyme from T. reesei on the same substrate was the lowest measured, with 216 U/g of dry solid. These data reflect that the microorganism is much more decisive in the evolution of SSF than the substrate.
Finally, orange peels are shown to be the most versatile among the studied substrates with more than 1200 U/g dry solid with Phanerochaete chrysosporium and about 1000 U/g dry solid with T. reesei and A. awamori.
Time of maximum enzyme activity
As a main feature of the analyzed kinetic behaviour, it can be mentioned the existence of a maximum enzyme activity during the fermentation process in the conditions studied. In fact, this maximum is the consequence of the production and simultaneous inactivation of the enzymes, and it is detected at a given time, which generally is different for each enzyme in the fermentation process. So, from a practical point of view, prior to enzyme extraction, the determination of that type of maxima is of paramount importance due to the possibility of controlling the fermentation cycles. In this sense, from equations of the proposed kinetic model, and once the values of the kinetic parameters for each case are known, it is possible to approach the numerical calculation of the evolution of different enzyme activities over time E(t). Therefore, it can be also calculated the instant at which maximum enzyme activities are attained and their value (E m ). Table 4 shows times at which these maximum activities were reached in the studied conditions. As shown, times of maximum enzyme activity do not coincide in most cases. For example, when T. reesei is grown on orange peels, maximum xylanase activity is detected around 94 h of fermentation. However, maximum cellulose and exopolygalacturonase activities are observed at 229 h and after 360 h, respectively. Similarly, when Botryotinia fuckeliana grew on grape pomace, maximum laccase activity is detected around 86 h of fermentation, while exo-polygalacturonase after 188 h. Regarding xylanase or cellulose, maximum is detected after 360 h. Fig. 2 Microbial enzyme productivity constant (k E ) for different enzymes, microorganisms and substrates (U/g dry solid). Solid-state fermentations in all conditions were carried out in duplicate Direct calculation of maximum enzyme activity
The determination of maximum enzyme activity by numerical methods is tedious and does not allow handling of simple equations to optimize industrial processes. For this reason, it may be of interest to address the calculation of these maxima by maximum mathematical analysis. Unfortunately, given the complex resulting equation after integrating the proposed model, it is not possible to obtain this result accurately. However, it is possible to carry out fairly approximate calculation with simple equations as follows.
According to the proposed model, where t m is the moment of maximum enzyme activity, E m its value at that instant and X E biomass concentration at that moment, it can be set that, at the time where maximum is attained, following expressions are true:
Integrated form of X(t) is available, but not for E(t); therefore, it is not possible to solve for the exact value of t m from the above equation. However, it is possible to develop an expression to get X E and, then from it, the value of t m from integrated expression of X(t),
For X E calculation, firstly, it should be considered the following. Being t x the moment when biomass concentration is in the inflection point, according to the logistic model, that instant can be exactly calculated as follows:
Substituting this value in the integrated equation X(t) and solving for the value of t x , the following expression is obtained.
Secondly, from the mathematical form, which shows the solution of the differential equation of the proposed model E(t), including hypergeometric series, it can be deduced that this function can be expressed as an infinite term polynomial of reduced variable (X/X m ), whose coefficients are also infinite series. All these series include the dimensionless factor (k D /μ) in various degrees. Thus, by deriving the expression of E(t) with respect to time and equating to zero, an expression for the ratio X E /X m can be obtained. This expression is also a combination of infinite series, but making certain approximations thereof, it is possible to get an approximate value of X E /X m with enough precision:
Finally, after obtaining the value of X E , it is possible to solve for the value of t m from the logistic model as follows:
As can be seen, biomass inflection point (t x ) only depends on the values of μ and biomass initial and final values (X o , X m ). This fact is because biomass growth has been assumed independent of enzyme production, and in any case, its influence would be included within the value of μ. However, the time of maximum activity for each enzyme (t m ) is also affected by the value of the inactivation constant of such enzyme (k D ), since inactivation intensity affects the maximum value. Finally, it can be observed that enzyme productivity constant (k E ) does not affect the maximum value (t m ) but does affect the activity value at that moment, as shown in the equation previously deduced for E m .
Discussion
In this paper, it is proposed a simple kinetic model, which predicts fungal enzyme productions over time by SSF on complex substrates on Petri dishes; thus, the time of maximum enzyme activity can be determined. The experimental data of enzyme activity, measured for various enzymes secreted by four filamentous fungi grown on different agro-industrial residues, fit the model with very high regression coefficients. Moreover, the defined kinetic parameters and the analysis allow establishing the end of fermentation or time at which maximum enzymatic activities are reached. This information is very valuable for scale-up and improvement of this kind of processes in these conditions.
The mean value of maximum final biomass concentration in the plates calculated in this work is within the range of values reported in literature for other SSFs in lab scale. However, it should be considered that the specific value in each case depends significantly on temperature, moisture content of the bed, aeration and other operating variables of the process, which might be different to those used in this study (dos Santos et al. 2003; Roche and Durand 1996; Roopesh et al. 2006) .
Regression coefficients (R 2 ) shown in Table 1 after fitting experimental data to the proposed model turned out to be quite high in all cases. Thus, proposed equations justify the 95 % of the observed variability in the data of enzyme activity. This result is quite interesting, considering the simplicity of the mathematical model proposed, and given that experimental data came from very different processes, those are different enzymes, fungi and substrates. So, it can be seen that the model shows great dynamism and plasticity, despite its apparent rigidity because it has only three parameters to fit. In this way, it is possible to fit successfully the kinetic profile of all fermentations studied based on the values of μ, k E and k D .
As regard specific rate of growth (μ) ( Table 2) , their values remain within the expected range for fungal growth by SSF (between 10 and 90 · 10 −3 h −1 ) (Favela-Torres et al. 1998; Ruiz et al. 2012; Smits et al. 1996) . Furthermore, there is good data consistency among results from different cases. So, for example, the values of specific growth rates obtained for a given microorganism in a particular substrate should be similar, regardless the enzyme used for the values calculated. Moreover, a good data consistency between different cases remains. According to the proposed model, this situation is the logical consequence given that all enzymes produced in the same fermentation process should lead to the same specific rate for that process. However, given the high variability of biological processes, important dispersions can be found in the results since small differences in the initial conditions of each plate can cause big differences in the evolution of the fermentation process. Interestingly, both the fastest and slowest growths were obtained with the same substrate (orange peels), which shows that growth rate is much more determined by the type of microorganism than the type of substrate where it grows. In fact, once guaranteed sources of carbon and other nutrients needed for cell replication, the specific growth rate of each species should be given by their metabolic profile and, definitely, by their genetic profile.
Average specific growth rates calculated with different substrates were very similar, which confirms that the influence of the type of substrate on specific growth rate of a microorganism is not critical within a range.
Low inactivation constants (k D ) of the different studied enzymes (Table 3) were also calculated. This fact has a biological basis. So, if the studied enzymes are secreted by fungi to be able to hydrolyze the substrate and then promote their growth, it would be expected that these enzymes maintain a certain resistance to deactivation in the conditions of the culture medium. Moreover, with enzymes with high inactivation rate, the fungus is forced to make more metabolic effort to keep enzyme activity when it is inactivated. What is more, mild conditions of fermentations have been used in this work (room temperature and neutral pH), so, in general, these enzymes should show low inactivation rates.
More variability was obtained in the enzyme production constant (k E ) (Fig. 2) . However, these results were expected given that certain microorganism can show an enzyme productivity when it grows in a substrate, but that value may be different whether it grows in a different substrate or a different enzyme is being considered. Likewise, the same type of enzyme may be produced in different concentrations by different microorganisms, although all grow on the same substrate (Bailey and Ollis 1986) . Consequently, the values of maximum enzyme productivity (E m ) obtained in the different experiments performed in SSF in this work were different from each other. In this regard, it should be mentioned that some of the studied fungi were not able to grow in some used substrates, such as T. reesei or A. awamori on wheat straw. This fact also reinforces the idea previously mentioned about the minimum number of nutritional requirements needed for each microorganism to carry out fermentations on the available medium. So, a specific fungus may not grow if these minimum nutritional requirements are not contained on the substrate. On the contrary, if nutrients are available, it grows at its characteristic rate. Among all the studied substrates, orange peels are the most versatile, obtaining high enzyme productivities with all the studied fungi. However, if grape pomace is properly supplemented, enzyme productivity can increase in a 25 %.
A thorough comparison between the values of maximum time (t m ) obtained from the proposed equation and the values from the numerical calculation is shown in Table 4 . Generally, results confirm that this equation reaches very good precision within the range of conditions used in this work, with errors bellow 5 h, in more than 2-week fermentation processes. In addition to this, the proposed equation allows estimating the time of maximum enzyme activity for different combinations of microorganisms, substrate and enzymes. Consequently, the proposed kinetic model could be used with sufficient accuracy in the optimization of enzyme production by SSF in Petri dishes for a wide variety of fungus/substrate combinations.
